1 . Turán [8] proved that every G(n ; Andrásfai [1] has investigated the following question : Let u < [( n+ 1)/2] . Determine the largest integer f (n, u) for which there is a G(n ; f (n, u)) which contains no triangle and for which I(G) < u . Andrásfai determines f (n, u) for u > [ 2n /5] . It is clear that f (n, u) < un/2 since the v(x) vertices joined to x must be independent (for otherwise our graph would contain a triangle) ; hence v(x) < u for all vertices of G thus G has at most un/2 edges . Andrásfai [1] in fact determines all graphs for which f (n, u) = un/2
(1) for u > [ 2n/5] and gives some examples of graphs satisfying (1) for u > n/3 .
5 0 ERDŐS
In the present note, I will construct graphs for which (1) holds and
Denote by g(n) the largest integer so that every graph of n vertices which contains no triangle satisfies I(G (n)) > g(n) . A very special case of the well-known theorem of Ramsay [7] implies g(n) , oo as n oo . Szekeres and I [2] proved that g(n) >\/ 2n + O(1) and I showed first by a direct construction that g(n) < n1 -1 [3] and later by a "probabilistic" method that g(n) < x,n 1/ 2 log n . I cannot at present decide whether g(n) < c,nli 2 is true, in fact perhaps g(n) =V 2n + O(1) .
It would be of interest to construct all graphs satisfying (1) -this may be difficult or impossible -or at least to decide if (1) is possible if u = nli2+e I cannot even show that f (n, u) _ (1 + 0(1)) un/2 can hold if u = n1,2+e • The construction given here does not seem to help to settle this problem . The construction given in [3] only yields f'(n, u) _ (1 + 0(1)) un/2 and not (1) for u > n 1-1 .
I conjectured and Kleitman [6] proved the following result : Denote by {A i l 1 < i < 2n the 2n sequences of 0's and I's of length n . Put Ai = (E M , We have equality in (3) if the A's are the sequences having at most k l's .
Using Kleitman's theorem we now construct our graphs as follows : Put n = 3k + 1 . The vertices of our graph will be the sequences {A i l, 1 < i < 2n ; A i and A; are joined if and only if Our graph has 23k+1 vertices and 23k k 3k + 1 edges. It is easy to see that our graph contains no triangle . To see this, observe that if it would contain a triangle we could assume without loss of generality that one of its vertices has all its coordinates 0, i .e ., is (0, . . ., 0) . The other two vertices must be sequences containing at least 2k + 1 ones and hence they must coincide in at least k + 1 places, or their distance is < 2k ; thus they are not joined . In other words our graph contains no triangle . The valency of each vertex of our graph clearly equals In other words, I(G) = V(x i ), 1 < i < 23k+1, and thus (1) holds for our graph . A simple computation using Stirling's formula shows that (2) is also satisfied.
This construction could be generalized if the following generalization of Kleitman's result would hold : Let t, > 1, 1 < r < n, and denote by n {B i }, 1 < i < II (t, + 1), the sequences of the form (6, . . ., 8 n ), But even if this would be true we could not improve (2) by this method .'
1 Kleitman showed that this generalization is false, but perhaps it holds if all the t,'s are equal .
2 . A graph is called k-chromatic if its vertices can be split into k classes so that no two vertices of the same class are joined, but such a splitting is not possible into fewer than k classes . Tutte and Zykov were the first to show that for every integer k there is a k-chromatic graph which contains no triangle . Rado and I [5] showed that for every infinite cardinal m there is a graph of m vertices which contains no triangle and which has chromatic number m .
A very simple and intuitive proof of this result could be given if the following conjecture of Czipszer and myself would hold : Is it true that the unit sphere of an m-dimensional Hilbert space is not the union of fewer than m subsets of diameter less than 2 -E . The unit sphere of the m-dimensional Hilbert space is the set of all transfinite sequences of real numbers {x .} where (z runs through an index set of power m and a xa2 < 1 (all but denumerably many of the x a's are 0) . As far as I know this conjecture has not even been settled for m = ti l .
If the answer to our conjecture is affirmative our graph can be constructed as follows : The vertices of our graph are the sequences {x}, xa 2 < 1, where all the xa are rational and only a finite number of them are different from 0 . Clearly our graph has m vertices and the points of the m-dimensional unit sphere defined by these vertices are dense in the unit sphere. Two vertices are joined if their distance (in the mdimensional Hilbert space) is greater than 1/ 3 . Clearly this graph contains no triangle and the diameter of any independent set is <'V/ 3 . Thus if the answer to our conjecture is affirmative, the vertices of our graph cannot be split into the union of fewer than m independent sets, i .e ., our graph is m-chromatic .
